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We report on a bistable light transmission through a bilayer “fish-scale”
(meander-line) metamaterial. It is demonstrated that an all-optical switching
may be achieved nearly the frequency of the high-quality-factor Fano-shaped
trapped-mode resonance excitation. The nonlinear interaction of two closely
spaced trapped-mode resonances in the bilayer structure composed with a
Kerr-type nonlinear dielectric slab is analyzed in both frequency and time
domains. It is demonstrated that these two resonances react differently on the
applied intense light which leads to destination of a multistable transmission.
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1. Introduction
During recent years research efforts on both fundamental physics and applications of nonlin-
ear optics demonstrate several major trends [1]. First, the basic concepts of nonlinear optics
penetrated into new areas of material science by exploring novel nonlinear materials and
nonlinear propagation of light in engineered structures. Second, there are a number of novel
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concepts related to tunable nonlinear response, and engineered and enhanced nonlinearities,
which should be explored more extensively for developing advanced optical tunable nonlinear
devices. Moreover, in such structures many of the effects well studied in nonlinear optics can
be enhanced by the cavity effects, heterostructures, or Fano-type resonances, that enable
much stronger nonlinear response at lower powers. Metamaterials based on planar resonant
patterns are expected to become the key building blocks for such nonlinearity-enhanced
effects and devices.
It is believed that the fabrication of metal-dielectric composite structures where the dielec-
tric layers possess strong nonlinear response can allow the realization of tunable nonlinear
metamaterials. The important area where the role of such nonlinear structures is expected
to become more and more pronounced is the creation of all-optical circuitry for computing,
information processing, and networking which is expected to overcome the speed limitations
of electronics-based systems.
Typically metamaterials consist of arrays of magnetically or electrically polarizable ele-
ments. In many common configurations, the functional metamaterial inclusions are planar
metallic patterns composed of symmetrical split-ring resonators (SRRs), on which currents
are induced that flow in response to incident electromagnetic fields. A distinct property of
metamaterials is that the capacitive regions of SRRs strongly confine and enhance the local
electric field. The capacitive region of a metamaterial element thus provides a natural entry
point at which some lumped frequency-dispersive, active, tunable or nonlinear materials can
be introduced, providing a mechanism for coupling the metamaterial geometric resonance
to other fundamental material properties [2–4]. The hybridization of metamaterials with
semiconductors, ferromagnetic/ferrimagnetic materials and other externally tunable materi-
als has already expanded the realm of metamaterials from the passive, linear media initially
considered.
While the wave propagation can be controlled by using metamaterials with a unit cell
consisting of a single resonant element (symmetrical split-ring resonator), other character-
istics can also be controlled by using metamaterials composed of coupled resonators. Such
metamaterials sometimes are also referred to EIT-like metamaterials [5, 6]. Typically they
consist of identical subwavelength metallic inclusions structured in the form of asymmetri-
cal split-rings (ASRs) [7, 8], split squares [9] or their complementary patterns [10]. These
elements are arranged periodically and placed on a thin dielectric substrate. It is revealed
that since these particles possess specific structural asymmetry, in a certain frequency band,
the antiphase current oscillations with almost the same amplitudes appear on the particles
parts (arcs). The scattered electromagnetic far-field produced by such current oscillations is
very weak, which drastically reduces its coupling to free space and therefore radiation losses.
Indeed, both the electric and magnetic dipole radiations of currents oscillating in the arcs of
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particles are canceled. As a consequence, the strength of the induced current can reach very
high value and therefore ensure a high-Q resonant optical response. Such a resonant regime
is referred to so-called “trapped-modes”, since this term is traditionally used in describing
electromagnetic modes which are weakly coupled to free space.
The features of nonlinear trapped-mode resonances were previously studied theoretically
in planar metamaterials composed of asymmetrical split-rings [11] and two concentric rings
[12–14]. In both configurations the substrate which carries the metallic pattern is considered
as a nonlinear dielectric. The effect of nonlinearity appears as the formation of a closed loop
of bistable transmission within the frequency of trapped-mode resonance. Since the nonlinear
response of these metamaterials operating in the trapped-mode regime is extremely sensitive
to the dielectric properties of the substrate it allows one to control switching operation
effectively.
Another type of structures, which bears Fano-shaped trapped-mode resonances and is
very promising for applications, is planar metamaterials consisted of equidistant array of
continuous meander or zigzag metallic strips placed on a thin dielectric substrate (fish-scale
structures [15–17]). In the past such structures have been investigated both theoretically
[15,18–20] and experimentally [15]. It is revealed, when the wave is polarized orthogonally to
the strips, the fish-scale structure is transparent across a wide spectral range apart from an
isolated wavelength. In contrary, when the wave is polarized parallel to the strips, it becomes
a good broad-band reflector apart from an isolated wavelength where transmission is high.
The same array combined with a homogeneous metallic mirror is also a good reflector which
preserves a phase of the reflected wave with respect to the incident wave at this particular
wavelength [15, 21]. The latter phenomenon is known as a “magnetic mirror” [22]. Finally,
the structure also acts as a local field concentrator and a resonant multifold “amplifier” of
losses in the constitutive dielectric.
Among others, a trapped-mode resonance can be excited in a fish-scale structure if the
incident field is polarized along the strips and when the form of these strips is slightly
different from the straight line. In such a system the less the form of strips is different
from the straight line, the greater is the quality factor of the trapped-mode resonance. But,
unfortunately, as the line curvature decreases, the resonant frequency shifts to the frequency
where the Rayleigh anomaly occurs which diminishes the degree of the field localization
within the system.
Nevertheless, in a bilayer configuration of the metamaterial, in which two equal gratings
are adjusted to each side of a dielectric slab, it is possible to excite the high-Q trapped-
mode resonance far from the Rayleigh anomaly [19]. This resonance appears due to the
oscillations of currents which flow in opposite directions relative to the adjacent gratings.
In this case the electromagnetic field is strongly localized in the area between the adjacent
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gratings. Furthermore, in the bilayer structure, besides the trapped-mode resonance excited
by gratings, some interference resonances appear in the similar manner as in traditional
systems with gratings of straight lines. Therefore the bilayer fish-scale structure allows one
to obtain different resonant features. The most important thing is that in the bilayer fish-
scale structure the trapped-mode resonance has quality factor which is sufficiently greater
than that ones attainable in the convenient interference resonances.
We should also note that the trapped-mode resonances can be excited in a very thin bilayer
structure which is important for practical applications. We argue that the bilayer configura-
tion is of a great interest in the case when the substrate is made of a field intensity dependent
material (e.g. a Kerr-type medium) because the strong field localization between the gratings
can significantly enhance the nonlinear effects. It leads to some particular manifestation of
effects of bistability and multistability nearly the frequencies of Fano-shaped trapped-mode
resonances which is presented in this paper.
2. Problem formulation
2.A. Bilayer fish-scale metamaterial
A studied structure consists of two gratings of planar perfectly conducting infinite wavy-line
strips placed on the both sides of a dielectric slab with thickness h and permittivity ε (see
Fig. 1). The elementary translation (unit) cell of the structure under study is a square with
sides d = dx = dy. The total length of the strip within the elementary translation cell is
S. Suppose that the thickness h and size d are less then the wavelength λ of the incident
electromagnetic radiation (h≪ λ, d < λ). The width of the metal strips and their deviation
from the straight line are 2w and ∆, respectively.
Assume that the incident field is a plane monochromatic wave
~Einc = ~pA0 exp(−i~kinc~r), (1)
where ~p is the unit vector which defines the polarization of the incident wave, |p| = 1; A0
and ~kinc = ~exk
inc
x + ~eyk
inc
y + ~ezk
inc
z are the magnitude and wavevector of the incident wave,
respectively; ~ex, ~ey, ~ez are orts of the coordinate system; k
inc = k = ω
√
ε0µ0. The time
dependence is supposed to be exp(iωt).
In the frequency domain a solution of the diffraction problem on the bilayer structure is
derived using the method of moments. It is formulated similarly to that one obtained for a
single-layer metamaterial’s configuration [18, 19]. Farther the solution of the linear problem
is used to construct a solution of the nonlinear problem.
We shall seek for the field through the entire space in the form of a superposition of the
field without gratings ~Ed and the field scattered by gratings ~Es
~E = ~Ed + ~Es. (2)
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Here ~Ed = ~Einc + ~R exp(−i~ks~r) and ~Ed = ~Einc + ~T exp(−i~kinc~r) are the electric field
strength in the areas above (z ≥ 0) and below (z ≤ −h) the structure, respectively;
~ks = {kincx , kincy ,−kincz } is the wavevector of the reflected wave, and vectors ~R and ~T are
defined using corresponding conditions for dielectric boundaries.
Further we restrict ourself with a case of normal incidence of x-polarized wave (kincx =
kincy = 0), i.e.
~Einc is directed along the strips (~p = ~ex, H
inc
x = 0, E
inc
x 6= 0). For such a
polarization, the reflection and transmission coefficients for a dielectric slab without gratings
are R = (Z2 − 1)(1 − q)[(Z + 1)2 − q(Z − 1)2]−1, T = 4Zq[(Z + 1)2 − q(Z − 1)2]−1, where
Z =
√
µ/ε and q = exp(−2ikh√εµ).
The surface current densities on the metal strips in the planes z = 0 and z = −h are
denoted by ~J1(~ρ) and ~J2(~ρ), where ~ρ is imposed by the strip midline. In the framework of
the method of moments, the metal pattern is treated as a perfect conductor. Based on the
boundary conditions of equality to zero of tangential components of the electric field on the
strips we arrive to a system of two integral equations related to the currents induced on the
strips
1
4π2
∞∑
m,n=−∞
∞∫
−∞
∞∫
−∞
{
~E1t( ~J1, ~J2)
}
(~κ) exp
[
i(~κ− ~kinc)~ρmn − i~κ~ρ
]
d~κ+ ~Ed1t(~ρ) = 0, z = 0,
1
4π2
∞∑
m,n=−∞
∞∫
−∞
∞∫
−∞
{
~E2t( ~J1, ~J2)
}
(~κ) exp
[
i(~κ− ~kinc)~ρmn − i~κ~ρ
]
d~κ+ ~Ed2t(~ρ) = 0, z = −h,
(3)
where the linear operators
{
~E1t( ~J1, ~J2)
}
(~κ) and
{
~E2t( ~J1, ~J2)
}
(~κ) of the linear problem
are associated to the Fourier transforms of the surface current density and the tangential
components of the radiation field; ~ρmn = mdx~ex + ndy~ey is the radius-vector directed from
the unit cell located at the center of coordinates (we shall number it as (0, 0)) to the unit
cell located at the position (m,n) for the upper and lower gratings, respectively; ~κ is the
wavevector of spatial spectrum of the field.
Using the method of moments, the system of integral equations (3) can be reduced to
the system of linear algebraic equations related to the unknown expansion coefficients of the
surface currents densities on the strips of the first and second gratings. When these expansion
coefficients of the surface currents densities are found (in the same way as it was done for a
single-layer metamaterial [18]), it is easy to calculate the magnitude of the spatial harmonics
of the field in the form of some plane waves expansion. It can be derived both above and
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below the structure
~Es =
∞∑
α,β=−∞
~aαβ exp {−i [~καβ~ρ+ γ(~καβ)z]} , z ≥ 0,
~Es =
∞∑
α,β=−∞
~bαβ exp {−i [~καβ~ρ− γ(~καβ)(z + h)]} , z ≤ −h,
(4)
where γ(~καβ) =
√
k2 − κ2αβ , ~καβ = ~ex2πα/d + ~ey2πβ/d, and ~aαβ =
{
~E1t( ~J1, ~J2)
}
(~καβ)/d
2,
~bαβ =
{
~E2t( ~J1, ~J2)
}
(~καβ)/d
2.
If the period of the gratings is less than the wavelength d/λ < 1, then in the reflected and
transmitted fields in the far-field zone there exists only the fundamental spatial harmonics
(~a00, ~b00), which propagate along the normal to the structure (single-wave mode). On the
other hand, at the chosen polarization of the incident field, the studied structure does not
provide any polarization conversion of the scattered field. So, the magnitudes ~a00 and ~b00
become to be scalar quantities, and the reflection and transmission coefficients can be defined
as R = a00/A0 and T = b00/A0. Consequently, in this paper, the analysis of the diffraction
problem is carried out in this single-wave mode (for extra details the reader is referred to
Ref. [19]).
Thus, the obtained solution allows us to calculate the magnitude and distribution of the
current J along the strips, the reflection R and transmission T coefficients as functions of
normalized frequency (æ = d/λ), permittivity (ε) and other parameters of the structure
J = J(æ, ε), R = R(æ, ε), T = T (æ, ε). (5)
Noteworthy that the obtained solution has a good experimental confirmation [15].
3. Spectral properties and bistability
3.A. Trapped-mode resonances
Trapped-mode resonances can be excited in planar metamaterials with particles of different
shape in the case when these particles possess specific structural asymmetry. These reso-
nances are the result of antiphase current oscillations with almost the same magnitudes
which appear on the particles parts (arcs). The scattered electromagnetic far-field produced
by such current oscillations is very weak, which drastically reduces the field coupling to free
space and therefore radiation losses. As a consequence, the strength of the induced current
can reach very high value and therefore ensure a high-Q resonant optical response. Such a
resonant regime is referred to so-called “trapped-modes”.
Due to the bilayer configuration of the structure under study there are two possible current
distributions which correspond to the trapped-mode resonances. The first distribution is
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the antiphase current oscillations in arcs of each grating. In this case the structure can
be considered as a system of two coupled resonators which operate at the same frequency
because the gratings are identical. We have labeled this resonant frequency in Figs. 2, 3 by
the letter æ1. Obviously the distance h between the gratings strongly determines the resonant
frequency position since this parameter defines the electromagnetic coupling strength. The
Q-factor of this resonance is higher in the bilayer structure than that one existed in a
single-layer structure [18] but their similarity lies in the fact that the current magnitude
in the metallic pattern depends relatively weakly on the thickness and permittivity of the
substrate.
The second distribution is the antiphase current oscillations excited between two adjacent
gratings. Similarly we have labeled this resonant frequency in Figs. 2, 3 by the letter æ2. As
is known, the closer are the interacting metallic elements, the higher is the Q-factor of the
trapped-mode resonance. Thus varying both the distance between the gratings and substrate
permittivity changes the trapped-mode resonant conditions and this changing manifests itself
in the current magnitude. Remarkably, in the situation of such current distribution, the field
is localized between the gratings, i.e. directly in the substrate, which can sufficiently enhance
the nonlinear effects if the slab is made of a field intensity dependent material.
3.B. Nonlinear spectral properties
Next we suppose that the structure substrate is a Kerr nonlinear dielectric which permittivity
ε depends on the intensity of the electromagnetic field inside it (ε = ε1 + ε2|Ein|2). In
this study, we suppose that operations are provided in the infrared part of the spectrum
where the trapped-mode resonances in metamaterials with metallic pattern are still well
observed and have a high Q-factor [9]. In this range the nonlinear slab can be made of
some semiconductor material (e.g. GaAs or InSb). Based on [23], we expect that nonlinear
response of the proposed structure becomes apparent at the input light intensity about 1-
10 kW cm−2. Nevertheless, the effects discussed in the article can be actual to a broader
range of structures including systems in the microwave range, where nonlinearity is brought
about by lumped elements (e.g. transistor-loaded metamaterials).
Under rigorous consideration, the nonlinear permittivity ε of the substrate is inhomoge-
neous. The permittivity riches its maximum value directly under the metallic pattern and
along the strips this permittivity is also different. Nevertheless at the trapped-mode reso-
nance, the flow of electromagnetic energy is confined to a very small region between the
strips and the crucial impact of the permittivity on the system features occurs in this place.
Therefore, it is possible to construct an approximate treatment to estimate the inner field
intensity and to solve the nonlinear problem. This approximate treatment is based on two
points. The first one takes into account the transmission line theory and postulates that the
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inner field intensity is directly proportional to the square of the current magnitude averaged
over a metal pattern extent [12,18]. The second approximation is related to the homogeniza-
tion procedure which is convenient to the metamaterial methodology [4]. It assumes that, in
view of the smallness of the elementary translation cell of the array (d < λ), the nonlinear
substrate remains to be a homogeneous dielectric slab under an action of the intensive light.
In more details, according to this theory, the reference meander wire is considered as a
conducting wire periodically loaded by short-circuited sections of transmission lines (each
section represents one period). Along these wires the currents flow in opposite directions.
Thus the inner electric field strength is defined as Ein = V/D, where V = ZJ¯ is the
line voltage, D is the distance between wires in the transmission line, J¯ is the current
magnitude averaged along the wire. The impedance is determined at the corresponding
resonant frequency æj = d/λj, j = 1, 2. So, it is Z = i(Z0/πd) cosh
−1(D/2τ0) tan(k∆),
where Z0 is the impedance of free space, and D = d/2 and D = h at the the frequencies æ1
and æ2, respectively; τ0 is the wire radius, and ∆ is the length of the equivalent line section.
For the equivalent wire radius there is a simple estimate τ0 = w/2 [24].
From this model it follows that the electric field strength between the wires is directly
proportional to the average current magnitude J¯ (Iin = |Ein|2 ∼ J¯2). Thus, the nonlinear
equation on the average current magnitude in the metallic pattern can be obtained in the
form [11–13]
J¯ = A˜FJ¯(æ, ε1 + ε2(Iin(J¯))), (6)
where A˜ is a dimensionless coefficient which depicts how many times the incident field
magnitude A0 is greater than 1 V cm
−1. The input field magnitude A0 is a parameter of
this nonlinear equation. So, at a fixed frequency æ, the solution of this equation gives us the
averaged current magnitude J¯ which depends on the magnitude of the incident field A0.
When implementing our computational algorithm, the approach described in Section 2.A is
included as a part inside the subroutine of the nonlinear equation (6). The input parameters
of this subroutine are the frequency æ, magnitude A0 and inner field intensity Iin. The
output parameter is the residual between the inner field intensity passed to the subroutine
and the one calculated inside the subroutine body. The subroutine is called iteratively until
the resulting residual becomes less than a predetermined threshold. Note that such a solution
may give more than one result, which is a distinctive feature of the nonlinear equation.
Thus, on the basis of the current J¯(A0) found by a numerical solution of the nonlinear
equation, the actual value of permittivity ε of the nonlinear slab is determined and the
reflection R and transmission T coefficients are calculated as functions of the frequency æ
and the magnitude of the incident field A0
R = R(æ, ε1 + ε2(Iin(A0))), T = T (æ, ε1 + ε2(Iin(A0))). (7)
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One can see that as the magnitude of the incident field rises, the frequency dependences of
the inner intensity acquire a form of bent resonances (Fig. 4) and so-called bistable regime
occurs. The nature of this effect is studied quite well [11–13, 25]. Among others, the reso-
nant frequencies of a system are crucially determined by the permittivity of the material
of substrate. Thus, when the frequency of the incident wave is tuned nearly the resonant
frequency, the field localization produces growing the inner light intensity which can alter
the permittivity enough to shift the resonant frequency. When this shift brings the excitation
closer to the resonant condition, even more field is localized in the system, which further
enhances the shift of resonance. This positive feedback leads to formation of the hysteresis
loop in the inner field intensity with respect to the incident field magnitude, and, as a result,
under a certain magnitude of the incident field, the frequency dependences of the inner field
intensity take a form of bent resonances.
An important point is that this bending is different for distinctive resonances due to
difference in their current magnitudes. It results in a specific distortion of the curves of
the transmission coefficient magnitude nearly the trapped-mode resonant frequencies. Thus,
at the frequency æ1 ∼ 0.78 the inner field produced by antiphase current oscillations is
confined in the area in the vicinity of each grating and it weakly affects on the permittivity
of dielectric substrate. In this case the resonant curve acquires a transformation into a closed
loop which is a dedicated characteristic of sharp nonlinear Fano-shaped resonances [26]. The
second resonance æ2 ∼ 0.82 is smooth but the current oscillations produce the strong field
concentration between two adjacent gratings directly inside the dielectric substrate. It leads
to a considerable distortion of the transmission coefficient magnitude in a wide frequency
range, and at a certain incident field magnitude this resonance reaches the first one and
tends to overlap it. (Fig. 4b). Evidently, in this case, the transmission coefficient acquires
more than two stable states, i.e. the effect of multistability arises.
4. Time-domain simulation and all-optical switching
4.A. Numerical technique description
The existence of bistability is a necessary but by no means a sufficient condition for practical
realization of bistable switching, since the conditions needed to excite a particular branch
of the hysteresis loop remain to be determined. Moreover, a hysteresis in the frequency is
of limited use because a continuous sweep of the frequency would often be impractical in
communication applications. On the other hand modeling in the frequency domain gives no
information on dynamics of response and pulse propagation through a nonlinear metama-
terial. Therefore, in this section we demonstrate bistable switching in a bilayer fish-scale
metamaterial using time-domain simulations.
On the basis of the microscopic Lorentz-theory approach [27] the effective dielectric per-
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mittivity εeff can be obtained in order to study dynamic behavior of the proposed structure
in the time-domain (see Appendix A)
εeff(æ) = ε+
α1
æ21ε1/ε− æ2 − iγ1æ
+
α2
æ22ε1/ε− æ2 − iγ2æ
, (8)
where ε is permittivity of the nonlinear substrate, and ε1 is its linear part. Further we assume
the problem parameters in Eq. (8) to be (in the normalized units): æ1 = 0.785, æ2 = 0.82,
α1 = 0.01, α2 = 0.075, γ1 = 0.0008, γ2 = 0.005, and ε1 = 3. The resulting effective dielectric
permittivity of the homogenized layer and corresponding transmission spectra are shown in
Fig. 5. One can see that the obtained curves of transmission spectra are characterized by two
asymmetric Fano-shaped resonances, which qualitatively agrees with the results calculated
rigorously using the method of moments (see Fig. 3).
In order to model light propagation through such an effective medium, we must obtain the
polarization corresponding to εeff . This polarization can be found if we assume that both
resonances are in accordance with the oscillations of polarization in the form
d2Pk
dt2
+ γk
dPk
dt
+
ε1
ε
ω2kPk = αkE, k = 1, 2, (9)
where E is the electric field strength and ωk are the resonant frequencies. The resulting
electric induction isD = εE+P1+P2. Note that this approach is analogous to that one used in
procedures of the Meep package [28]. Assuming Pk = pk(t) exp (iωt) and E = A(t) exp (iωt),
equations (9) can be rewritten for the amplitudes of polarization pk,
d2pk
dτ 2
+ ηk
dpk
dτ
+ ζkpk = αkA(t), k = 1, 2, (10)
where τ = ωt, ηk = 2i + γk, ζk = ω
2
kε1/ε − 1 + iγk, and all the values γk, ωk, and αk are
normalized by the light frequency ω. Equation (10) can now be easily discretized, so that
the value of polarization at every time instant τ l = l∆τ can be calculated by
pl+1k = [p
l
k(2− ζk∆τ 2) + pl−1k (−1 + ηk∆τ/2) + αk∆τ 2Al]/(1 + ηk∆τ/2), k = 1, 2. (11)
It is worth to note that the values ζk contain the nonlinear dielectric permittivity ε =
ε1 + ε2|A|2 and, hence, depend on the strength of the electric field as well.
The propagation of light wave in the effective medium is governed by the wave equation
∂2E
∂z2
=
1
c2
∂2D
∂t2
, (12)
where, as was mentioned above, D contains the contributions of the polarizations Pk. Equa-
tion (12) can be solved numerically using the finite-difference time-domain (FDTD) tech-
nique. We represent the field strength as E = A(t, z) exp [i(ωt− kz)], where ω is a carrier
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frequency, k = ω/c is the wavenumber, and then solve equations for the complex magnitude
A(t, z). Finally, introducing dimensionless arguments τ = ωt and ξ = kz, the scheme of
calculation of the magnitude values at the mesh points (l∆τ, j∆ξ) is realized as follows
Al+1j = [−a1εl−1j Al−1j + b1Alj+1 + b2Alj−1 + (fεlj − g)Alj −Rlj ]/a2εl+1j . (13)
Here the auxiliary values are a1 = 1 − i∆τ , a2 = 1 + i∆τ , b1 = (∆τ/∆ξ)2(1 − i∆ξ),
b2 = (∆τ/∆ξ)
2(1 + i∆ξ), f = 2+∆τ 2, g = 2(∆τ/∆ξ)2 +∆τ 2, and the term responsible for
resonant polarizations is
Rlj =
2∑
k=1
[a2p
l+1
j + a1p
l−1
j − fplj]k. (14)
The stability of the algorithm is provided by the standard Courant condition between the
step intervals of the mesh; in our notation it can be written as ∆τ/∆ξ ≤ n, where n is the
refractive index. At the edges of the calculation region, we apply the so-called absorbing
boundary conditions using Total Field / Scattered Field (TF/SF) and Perfectly Matched
Layer (PML) techniques [29].
4.B. Dynamics of response and pulse propagation
The results of calculations using the method described above are shown in Fig. 6. The pa-
rameters of the medium are the same as previously, except the thickness which is now taken
to be h/d = 0.5. The dimensionless frequency of the incident light is æ = 0.783, i.e. it is
chosen to be nearly the frequency of the first trapped-mode resonance (Fig. 3). The normal-
ized magnitude A/A0 of light varies from 1 to 11 with a certain period which is sufficient
for steady-state establishment. The magnitude of normalization A0 is such that nonlinearity
coefficient satisfies condition n2A
2
0 = 0.001, where n2 ≈ ε2/2
√
ε1. The curves plotted in Fig. 6
clearly demonstrate bistable behavior of the system: panels (a) and (b) represent the trans-
mission and reflection magnitudes as functions of the incident light magnitude. Note that
the rest of the light energy is absorbed by the layer. Also the panel (c) shows the hysteresis
of the stationary value of light intensity in the middle of the layer.
Recall that the main feature of the considered fish-scale metamaterial is the appearance
of two particular trapped-mode resonances. The same two resonances can be seen if we
plot the effective permittivity εeff as a function of the nonlinear contribution ε and, hence,
intensity. Therefore, if the range of magnitude variation is large enough, one can expect
to obtain two hysteresis loops, which is the indication of multistability. In order to reduce
absorption and the necessary input intensities, we took the thinner layer than in previous
example, h/d = 0.2, and get closer to the resonance æ = 0.784; other parameters are left
the same. The results of calculations are shown in Fig. 7. It turned out that the appearance
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of the second loop strongly depends on the initial light magnitude. Starting from low input
intensities and increasing it with a certain step, we obtained the transition between distinct
stable states corresponding to the shift of the first resonance, but we were not able to observe
the similar jump associated with the second resonance (see Fig. 7(a)). Perhaps, the transition
magnitude is very high, so that we could not reach it. However, we can accept the opposite
strategy: start just from the high enough magnitude and decrease it. In this case, we obtain
the clear evidence of the second loop as can be seen in Fig. 7(b). The characteristics of the
first loop are identical in both cases.
Another way to study bistable response of our nonlinear metamaterial is to launch a pulse
into it and analyze the shape of the resulting radiation profile. We consider a Gaussian pulse
with magnitude A = Ap exp(−t2/2t2p), where tp = Nλ/c is its duration measured through
the number of periods N . In our calculations, N = 200 and Ap = 20A0. The dynamics of
transmitted and reflected light are presented in Fig. 8(a). The characteristic features of pulse
interaction with bistable medium are seen – the flattening of the profile and the overshoot
at the leading edge of the pulse [25]. The bistable switching is not evident in these figures
and appears through the asymmetric form of the output pulse. To reconstruct the hysteresis
loop, we calculate the ratio of the transmitted intensity to the input one at every time
instant (the propagation time through the layer is neglected) and obtain the dependence
of the transmission on the input intensity for both rising and decaying pulse slopes. The
bistable curve derived from the transmitted pulse profile (Fig. 8(b)) is in agreement with the
results of stationary calculations of Fig. 7(a). To prove the existence of the second loop, we
launched not a full pulse, but only a half of it. The profile of transmitted radiation given in
Fig. 8(c) clearly shows the occurrence of two different stable states. The corresponding loop
is presented in Fig. 8(d) where the curve for ascending intensities is taken from the panel
(b). Thus, the results of stationary and pulsed calculations are in full accordance with each
other.
Finally, we should touch on the problem of modulation instability (MI) [30–32]. Though
there is not any evidences of self-pulsations or other MI effects in the stationary regime
(Figs. 6 and 7) and in the case of the full pulse (Fig. 8(a)), the beatings in Fig. 8(c) can be
considered as a probable manifestation of MI. To make the final decision, the careful study
of the conditions for MI appearance in the structure considered should be done which we
plan to perform in our future investigations.
5. Conclusions
The light transmission through a bilayer fish-scale metamaterial is considered in both fre-
quency and time domains. An important feature of the studied structure is its ability to
support two distinct configurations of the trapped-mode resonance excitation. The first con-
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figuration corresponds to a specific distribution of currents, which oscillate in the same
manner on each grating. The second configuration is a result of antiphase oscillations of cur-
rents which flow in opposite direction relative to the adjacent gratings. In the latter case it is
found out that the electromagnetic field is confined between the gratings, i.e. directly in the
substrate which leads to manifestation of the effects of bistability and multistability. They
appear in the form of a significant distortion of transmission coefficient magnitude over a
wide frequency band. In addition a study of the pulse propagation through the metamaterial
is investigated. The results of stationary and pulsed calculations are in full compliance with
each other.
We argue that more parameters can be controlled in the studied metamaterial and it has
better performance than in metamaterials with a unit cell of a single symmetrical resonant
element.This independent control provides an alternative route to the optimization of non-
linear materials, which form the basis of such optical devices as mixers, frequency doublers
and modulators.
This work was supported by the Ukrainian State Foundation for Basic Research, project
F54.1/004, and the Belarusian Foundation for Basic Research, project F13K-009.
A. Appendix
An electron in the metal is affected by the external electric field E as well as by the Coulomb
force FC from the other electric charges qj and electromotive force FL from the electric
currents. The Coulomb force is the restoring force described as in the case of harmonic
oscillator by FC =
∑
j
eqj
εrj
= −mω20ξ, where e and m are the electron charge and mass, ξ is
electron’s displacement. It is important that the force and the oscillator (resonant) frequency
ω20 are inversely proportional to the dielectric permittivity of the nonlinear substrate ε. In the
linear and nonlinear regimes, we have ω201 = a/ε1 and ω
2
0 = a/ε, respectively, where ε1 is the
linear part of ε. Thus, ω20 = ω
2
01ε1/ε. The electromotive force is determined by the magnetic
field induced by the electric current j = eN∂ξ/∂t and takes the form FL = −e∂Φ/c∂t ∼
∂B/∂t ∼ ∂j/∂t ∼ ∂2ξ/∂t2, where N is the density of electrons, Φ is the magnetic flux. We
present this force by means of the coefficient β, so that FL = −βm∂2ξ/∂t2 = −βmξ¨. Thus,
the equation of motion for the electron is
mξ¨ +mγξ˙ = eE −mω20ξ − βmξ¨. (15)
Implying the stationary time dependence exp(iωt) for the field and displacement, we get
ξ =
eE/m(1 + β)
ω20/(1 + β)− ω2 − iωγ/(1 + β)
. (16)
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Polarization of the metal element is determined by Pm = eNξ, thus resulting in the dielectric
permittivity
εm = 1 +
4πPm
E
= 1 +
ω2p
ω2r − ω2 − iωγr
, (17)
where ω2p = 4πe/m(1+β) is the plasma frequency, ω
2
r = ω
2
0/(1+β) is the resonant frequency,
and γr = γ/(1+β) is the collision (damping) frequency. As one can see, all these frequencies
can be diminished by the coefficient β. It should be noted that the resonant frequency in the
linear ωr1 and nonlinear ωr regimes are related through ω
2
r = ω
2
r1ε1/ε.
Since the volume of metal Vm is much less than the volume of dielectric Vd and optical
response of the metamaterial is characterized by two resonant frequencies, we can represent
the effective permittivity of the structure as a sum of three entities: permittivity of the
nonlinear substrate ε and two resonant terms. In the dimensionless notation, we can write
εeff(æ) =
Vdε+ Vmεm
Vd + Vm
≈ ε+ α1
æ21ε1/ε− æ2 − iγ1æ
+
α2
æ22ε1/ε− æ2 − iγ2æ
, (18)
where æ1 and æ2 are resonant frequencies, γ1 and γ2 are damping coefficients, and α1 and
α2 are parameters of strength of light-matter interaction (effective plasma frequencies). The
multiplier ε1/ε in the denominators of the last two terms is responsible for the spectral shift
of resonant frequencies due to nonlinearity.
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Fig. 1. (Color online) Fragment of a planar bilayer fish-scale metamaterial and its unit
cell.
Fig. 2. (Color online) The surface current distribution along the strips placed on the upper
and bottom sides of the substrate in the bilayer fish-scale metamaterial.
Fig. 3. (Color online) The frequency dependences of the transmission coefficient magnitude
for different values of the substrate thickness (linear regime); ε = 3, 2w/d = 0.05, ∆/d = 0.25.
Fig. 4. (Color online) The frequency dependences (æ = d/λ) of (a) the inner field inten-
sity and (b) the transmission coefficient magnitude for different values of the incident field
magnitude (nonlinear regime); h/d = 0.2, ε1 = 3, ε2 = 0.005 cm
2 kW−1. Other parameters
are the same as in Fig. 3.
Fig. 5. (Color online) (a) Frequency dependency of the effective dielectric permittivity εeff
of the homogenized layer with the thickness h/d = 0.2 and (b) the corresponding transmission
spectrum.
Fig. 6. (Color online) Bistability curves for stationary levels of (a) transmission, (b) re-
flection, (c) normalized intensity in the middle of the layer.
Fig. 7. (Color online) Bistability curves for stationary levels of transmission calculated
starting from the low magnitude level (a) and from the high one (b). The letters “S” and
“F” denote the starting and final values of magnitude variation.
Fig. 8. (Color online) (a) and (c) Profiles of the incident, transmitted and reflected pulses
for the full pulse and the half of it, respectively. (b) and (d) The bistability curves calculated
from the data of panels (a) and (c). The letters “S” and “F” denote the starting and final
values of magnitude variation.
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